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Abstract: We present a new mechanism to relax the initial misalignment angle of the
QCD axion and raise the cosmological bound on the axion decay constant. The QCD axion
receives a contribution from small UV instantons during inflation, which raises its mass to
the inflationary Hubble scale. This makes the axion start rolling down its potential early
on. In the scenario, the standard model Yukawa couplings of quarks are dynamical, being
of order one during the inflationary era and reducing to their standard model values once it
ends. This means that after inflation the contribution of the small instantons is suppressed,
and the axion potential reduces to the standard one from the usual IR instantons. As a
result, when the axion starts to oscillate again after inflation, the initial misalignment angle
is suppressed due to the dynamics during inflation. While the general idea of dynamical
axion misalignment has been discussed in the literature before, we present in detail the
major bottleneck on the mismatching between the minima of the axion potentials during
and after inflation, and how it is circumvented in our scenario via the Froggatt-Nielsen
mechanism. Taking into account of all the constraints, we find that the axion decay constant
could be raised to the GUT scale, 1015 GeV, in our scenario.
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1 Introduction
The QCD axion is a leading solution to the strong CP problem in the standard model [1–8].
In the solution, there is a global U(1) Peccei-Quinn (PQ) symmetry, which has a mixed
anomaly with the QCD gauge group SU(3)c. U(1)PQ is broken spontaneously in the UV
at a high energy scale fa, resulting in a pseudo-Nambu-Goldstone boson, the axion. The
axion makes the θ angle of QCD dynamical. Non-perturbative QCD effects generate a
periodic potential for the axion, at the minimum of which the strong CP phase is relaxed
to be zero. Phenomenologically, the zero-temperature axion potential could be written as1
Λ40
(
1− cos
(
a
fa
))
, (1.1)
where Λ0 is given by [3]
Λ20 =
√
mumd
(mu +md)2
fpimpi ≈ (75.5 MeV)2, (1.2)
where mu,md are up and down quark masses and mpi, fpi are the mass and decay constant
of the pion, respectively. The axion then obtains a mass (at zero temperature):
mIR =
Λ20
fa
. (1.3)
1Note that the full potential is more complicated involving mixings between axion and pions [9]. Yet for
our discussion, the phenomenological potential is sufficient.
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Another attractive point of the QCD axion is that it could be a viable cold dark
matter candidate. Its relic abundance could be generated through the misalignment mech-
anism [10–12]. In the simplest scenario, PQ symmetry breaking happens during inflation.
Initially Hubble friction holds the axion at a random place in its field space with an initial
misalignment angle θ0. Without fine-tuning, θ0 is expected to be ∼ O(1). When the Hub-
ble scale drops around the axion mass, the axion starts to oscillate coherently around the
minimum of its potential. The coherent oscillation redshifts as non-relativistic matter. It is
found that when fa ∼ 1012 GeV, and assuming θ0 ∼ O(1), the relic abundance of the QCD
axion matches the observed value of dark matter abundance. For a higher PQ breaking
scale, axions would overclose the Universe. Some recent reviews on axion cosmology can
be found in Refs. [13–15].
From the top-down point of view, axions from many scenarios of string theory could
have a high PQ breaking scale, above the cosmological upper bound. For instance, in
models with GUT-like phenomenologies, fa could be around the GUT scale [16]. While
it is certainly possible to construct string-based models with fa much below the GUT
scale, it is interesting to explore whether there is any cosmological scenario beyond the
minimal misalignment model that could raise the upper bound on fa to make the GUT
scale axions viable. There have already been quite a few different types of proposals in
the literature. Examples include a tuned tiny initial misalignment angle with possibly an
anthropic reason [17], late time entropy production before BBN to dilute the axion relic
abundance [18, 19], and transferring axion energy density to other species such as dark
photons through particle production [20, 21].
In this article, we focus on the possibility that the initial misalignment angle is dy-
namically relaxed to a small value when the QCD axion starts to oscillate. One way to
achieve this is to make the axion much more massive during inflation, e.g. from a much
stronger QCD in the early Universe [22]. It has been argued in Ref. [23] that it is challeng-
ing to realize this possibility in supersymmetric scenarios with several assumptions about
relevant parameters. Yet recently Ref. [24] revisited this possibility and showed that if
the Hubble induced Higgs mass squared parameter is negative and the Higgs field takes a
large value along the flat direction in the supersymmetric scenario, one could make QCD
strong enough to raise the axion mass to about or above the inflationary Hubble scale.
One major challenge in this scenario is whether the minima of the potentials during and
after inflation are sufficiently close to each other. This usually requires the assumption of
an approximate CP symmetry with a tiny breaking [19]. Another possible way to relax the
initial misalignment angle is to have an exponentially long inflationary period as suggested
in [25, 26].
We will explore a different mechanism, using small UV instantons [27], to make the
QCD axion heavy during inflation in order to relax the misalignment angle. Our main
motivation is that the UV instanton model proposed in Ref. [27] does not introduce new
CP phases beyond the standard model by construction. This could potentially address the
main bottleneck of the dynamical misalignment angle scenario. Yet as every experienced
model builder knows, life is never that easy. In order to apply this mechanism and relax
the upper bound on fa, we need to introduce additional modules to dynamically vary
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the axion mass during and after inflation. We employ dynamical Yukawa couplings in
the Froggatt-Nielsen scenario to achieve this, and argue that the introduced CP phase is
small enough not to spoil the mechanism. Combining the small instantons and dynamical
Yukawa couplings, we construct a model in which the upper bound on fa could be raised
up to the the GUT scale, 1015 GeV.
The paper is organized as follows. In Sec. 2, we outline the basic idea of the dynamical
misalignment mechanism and the minimum requirements to make it work. In Sec. 3, we
present the two main ingredients of our model: the mechanism based on small instantons
to raise the axion mass during inflation, and the dynamical Yukawa coupling mechanism to
relax the axion mass after inflation. We identify the allowed parameter space satisfying all
the requirements, and compute the relic abundance of the QCD axion in this scenario. In
Sec. 4, we discuss another possible variant of the model and comment on coincident energy
scales in our model. We conclude in Sec. 5.
2 The basic mechanism and requirements
We start with explaining our notations. In our model some quantities are dynamical, i.e.
they have different values during and after inflation. In order to avoid a cumbersome
clustering of indices, we use a tilde (∼) above to denote the values of these quantities
during inflation; and no tildes for their values after it. For example, the mass of the QCD
axion is m˜ during the inflationary era, and simply m after it ends.
In this section we will now describe our basic scenario to relax the initial misalignment
angle of the QCD axion, and discuss the main requirements to realize this scenario. During
inflation, the mass of the QCD axion receives its dominant contribution from the UV
instantons, which we denote by m˜UV, and is raised about the Hubble scale. Consequently,
it starts to roll down its potential. The axion field value redshifts away exponentially
and the misalignment angle, measured from the minimum of the axion potential during
inflation, is suppressed at the end of the inflation. We will denote this diluted angle as
θdil, which is the axion field value at the end of the inflation divided by its decay constant.
After inflation, a mechanism (in our case, dynamical Yukawa couplings) reduces the UV
instanton contribution, now mUV, to be negligible compared to the contribution from the
usual IR instantons, mIR. Depending on the model, the minima of the axion potential
during inflation and after inflation may not perfectly overlap with each other. In other
words, there could be a mismatch angle, θmis, which is defined as the displacement between
the two minima in the field space divided by the axion decay constant. This could be due to
new CP phases present during inflation. The evolution of the axion potential after inflation
becomes the same as the standard one in the canonical misalignment mechanism. When
the Hubble scale drops to be around the axion mass after inflation, the axion starts to
oscillate with an initial misalignment angle θini ∼ max[θdil, θmis]. Since the relic abundance
of the axion is proportional to θ2ini, it is suppressed at a given fa when max[θdil, θmis] 1.
Equivalently, the cosmological upper bound on fa could be raised when θini is small. The
schematic picture of the scenario is shown in Fig. 1.
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θmis⟷ θdil⟷
During inflation
After inflation
Figure 1. A schematic picture of the scenario. Red: axion potential during inflation; blue: axion
potential after inflation. The red dot represents the axion at the end of the inflation. Dashed
vertical lines indicate the minima of the potentials.
It is clear that in order for the scenario to be feasible, one needs to satisfy at least the
following four requirements:
• A large enough UV instanton’s contribution to raise the axion mass around or above
the Hubble scale during inflation: m˜UV & HI  m˜IR.
• Enough dilution of the initial misalignment angle due to inflation: θdil  1.
• Approximate alignment of the minima of the QCD axion potential in the early Uni-
verse and today: θmis  1. This requires any new CP phases that might have been
introduced in the mechanism to be tiny.
• Suppression of the UV instanton’s contribution to the QCD axion after inflation, so
that its mass reduces to the usual value determined by the IR instantons: mUV 
mIR.
While we focus on using the small instantons to raise the axion mass during inflation,
the general requirements above apply to any model that tries to have a dynamical axion
mass to relax the initial misalignment angle and lift the upper bound on the axion decay
constant. While it is possible to have a mechanism to satisfy one of the four conditions,
e.g. to make the axion heavy during inflation, it is generally quite challenging to have a
coherent story to meet all of them at the same time.
3 The model
In this section, we will present a plausible model and its main ingredients to satisfy all
the requirements outlined in the previous section. We use an enhanced short-distance
instanton effects to raise the axion mass during inflation and a dynamical Yukawa coupling
mechanism to suppress the UV instantons after inflation. We demonstrate that there is
viable parameter space in which the initial misalignment angle when QCD axion starts to
oscillate is greatly suppressed.
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3.1 UV instanton to raise the axion mass
It has been proposed quite a while back that if QCD becomes strong at high energies, the
correction from small color instantons to the axion potential could be significant [28–33].
In this type of scenario such as the model in Ref. [31], one needs to change the signs of
QCD beta function coefficients twice: once to make the QCD gauge coupling run stronger
towards the UV and once to make it asymptotically free at an even higher energy. To
achieve the first flip of the sign, one usually needs to introduce either a large number
of fermions in small representations of SU(3)c such as fundamental representations or a
vector-like pair of fermions in large representations. The potential issue with the first
approach is that one could introduce new CP phases due to mixing of the fermions, which
shifts the minimum of the QCD axion potential. For the second approach which only
requires a couple of additional matter fields with no new CP phase, it is difficult to embed
them in a grand unified theory to make QCD asymptotically free eventually. While there is
clearly no no-go theorem for this scenario, we will not pursue this direction in this article.
Recently a new way is proposed to increase the gauge coupling at high energy and thus
the contribution from small instanton through higgsing a product gauge group [27].2 The
main advantage of this approach is that no new CP phase is introduced. Since it is the
main mechanism we rely on to increase the axion mass during inflation, we briefly review
the key idea below. Consider that at an energy scale M  TeV, the QCD gauge group
emerges from higgsing a product gauge group:
SU(3)1 × SU(3)2 → SU(3)c. (3.1)
The higgsing could be achieved by having a complex scalar, Σ, transforming as a bi-
fundamental, (3, 3¯), under the product gauge group. This complex scalar has a gauge
invariant potential [36]
V(Σ) = −m2ΣTr
(
ΣΣ†
)
+
λ
2
(
Tr
(
ΣΣ†
))2
+
κ
2
Tr
(
(ΣΣ†)2
)
, (3.2)
where λ, κ are order one real numbers barring fine-tunings and are positive so that the
potential is bounded from below.3 When m2Σ > 0, Σ obtains a vacuum expectation value
(VEV), 〈Σ〉 = fΣ2 13 with
fΣ =
mΣ√
κ+ 3λ
, (3.3)
and breaks the product of SU(3)’s to the diagonal gauge group, which is identified as
SU(3)c. The symmetry breaking scale M is defined as
M2 = (g21 + g
2
2)f
2
Σ, (3.4)
where g1 and g2 are the gauge couplings of SU(3)1 and SU(3)2 respectively. The gauge
couplings, g1 and g2 are related to the standard model strong coupling gs as
1
αs(M)
=
1
α1(M)
+
1
α2(M)
, (3.5)
2Similar models in color unified theory have been developed in Ref. [34], while others have been studied
in the context of lepton flavor universality violation in B-meson decays [35].
3For the potential in Eq. (3.2), we gauge an extra U(1) factor which forbids trilinear terms such as DetΣ
and charge the link field under the U(1).
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where α = g2/(4pi). One could see that to satisfy this relation, α1 (α2) has to be larger than
αs, which is exactly what we want to increase the contribution of the small UV instantons.
Consider two spontaneously breaking PQ symmetries U(1)PQ’s with breaking scales f1
and f2. For simplicity, we assume that f1 = f2 ≡ fa M , the scale at which the product
gauge group is broken down to the diagonal. We also assume that only the standard
model quarks are charged under the gauge group and there are no other new fermions
charged under either SU(3). Thus by construction, this model doesn’t introduce new CP
phases. Suppose that U(1)1 has an anomaly with (SU(3)1)
2 and U(1)2 has an anomaly
with (SU(3)2)
2. Then we have two axions coupled to SU(3)1 and SU(3)2 respectively
α1
8pi
(
a1
fa
− θ¯1
)
G1G˜1 +
α2
8pi
(
a2
fa
− θ¯2
)
G2G˜2, (3.6)
where G1 (G2) is the field strength of SU(3)1 (SU(3)2) and θ¯1(θ¯2) is the effective theta
angle of SU(3)1 (SU(3)2). At M , the non-perturbative UV instantons generate potentials
for both a1 and a2, which can be computed using the dilute gas approximation [37] when
α1, α2 remain perturbative and below one. In addition, after the symmetry breaking, both
a1 and a2 are coupled to standard model QCD. In the effective field theory (EFT) below
M , we have
Λ41 cos
(
a1
fa
− θ¯1
)
+ Λ42 cos
(
a2
fa
− θ¯2
)
+
αs
8pi
(
a1
fa
− θ¯1 + a2
fa
− θ¯2
)
GG˜, (3.7)
where G is the field strength of SU(3)c. The first two terms from the small UV instantons
guarantee that the low energy effective theta angle θ¯eff =
a1+a2
fa
− (θ¯1 + θ¯2) is relaxed to
zero.
The short-distance instanton contribution to the axion potential is estimated to be,
via dilute instanton gas approximation,
Λ2i ≈
√
2
bi − 4KiD[αi(M)]M
2, i = 1, 2,
D[αi] ≈ 0.1
(
2pi
αi
)6
e
− 2pi
αi ≡ Di,
Ki =
∏
j
( yj
4pi
)
. (3.8)
bi is the beta function coefficients for SU(3)i above the scale M , for which one needs to
take into account both the standard model fermions charged under SU(3)i and the colored
link field. D[α] is the dimensionless instanton density [38, 39]. Ki corresponds to the chiral
suppression due to the light standard model quarks charged under SU(3)i and is a product
over all the Yukawa couplings involved [31, 33]. In Ref. [27], all the SM quarks are charged
under SU(3)1 so that K1 =
∏
j=u,d,s,c,b,t (yj/(4pi)) ≈ 10−23, while K2 = 1. More details of
the derivation leading to the equations above could be found in Appendix A. To compute
the axion mass from the small instantons, one could run αs from the weak scale to M
first. Combining it with Eq. (3.5) and Eq. (3.8), we could compute Λ1,Λ2 as a function of
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α1(M). The axion masses are then given by
4
m2i =
Λ2i
fa
, (3.9)
when Λi  Λ0 in Eq. (1.2). One could easily generalize the minimal model based on
SU(3)2 to a larger product gauge group SU(3)n with n > 2. Then the matching condition
of the gauge couplings at the symmetry breaking scale M is
n∑
i=1
1
αi(M)
=
1
αs(M)
. (3.10)
By enlarging the gauge group, one could increase the individual gauge coupling αi and thus
the corresponding contribution of the UV instantons. In this class of models, the regime
we are mostly interested in is where all the axions are heavier than the standard QCD
axion for a given fa. Otherwise, if the lightest axion mostly obtains its mass from the IR
instantons, it then behaves mostly like ordinary QCD axion.
3.2 Dynamical Yukawa couplings
In our scenario, the small instantons are the dominant source for the axion potential during
inflation. To relax the misalignment angle, we must have the masses of all the axions around
or above the inflationary Hubble scale, HI . This leads to a parametric inequality, for every
axion (labelled by i), √
K˜i
M2
fa
& m˜UVi & HI ⇒M2 & HI
fa√
K˜i
. (3.11)
From Eq. (3.8), one could see that the inequality is only close to be saturated when the
gauge coupling is large enough so that there is no significant exponential suppression from
e−2pi/αi in the instanton density Di.
To have the usual slow roll inflation, we require that the link field energy density to
be subdominant,
V(Σ) ∼M4 < H2IM2Pl ⇒M2 < HIMPl, (3.12)
where MPl is the Planck scale and we take all the dimensionless couplings (the quartic
couplings of the link fields and gauge couplings at scale M) to be of order one. Note that
unlike the four general requirements discussed in Sec. 2, this constraint on the symmetry
breaking scale is specific to our model.5 By combining Eq. (3.11) and Eq. (3.12), we find
that
fa <
√
K˜iMPl. (3.13)
4Strictly speaking, this equation holds only when fa > M . There could be further suppression due to
additional fermionic states charged under U(1)PQ with mass of order fa when fa < M . Since we are only
considering the case with fa M , we will not consider potential further suppression.
5One may add a constant in the link field potential to cancel contribution from the remaining terms to
evade the bound, which is clearly a fine tuning. While adding a constant term in the scalar potential is not
unusual in the cosmology literature (e.g. , in the hybrid inflation [40]), we will not pursue it here.
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One could see an immediate challenge: if any of the light fermion suppression factors, K˜i, is
small during inflation, we could not raise the cosmological upper bound on fa to be above
1012 GeV at all! Indeed, in Ref. [27], all the standard model quarks are charged under
SU(3)1 and thus K˜1 ∼ 10−23. One could consider alternative constructions with different
generations assigned to different SU(3)’s. For instance, we could consider a SU(3)3 model
with u, d charged under SU(3)1, c, s charged under SU(3)2 and t, b charged under SU(3)3.
Then we have K˜1 ∼ 1.5× 10−12, K˜2 ∼ 2.5× 10−8, K˜3 ∼ 1.5× 10−4. In this case, we could
still not raise the cosmological bound on fa for the lightest axion given the tiny K˜1. The
only approach that allows us to evade the constraint is to raise the Yukawa couplings of
the standard model quarks to be of order one during inflation to make all the K˜ factors
larger. After inflation, the Yukawa couplings have to be relaxed to the standard model
values and the UV instanton contribution to the lightest axion could then be suppressed
by the corresponding small K factor.
Now we present a concrete construction based on the discussions above and estimate
the energy scales involved given all the constraints and requirements. Consider a SU(3)n
model with all the standard model fermions charged under SU(3)1. There will be a set of
link fields Σ12,Σ23,Σ34, · · · ,Σn−1,n, transforming as bi-fundamentals under the adjacent
SU(3)’s and higgsing the product gauge group to the diagonal at the scale M . The β-
function coefficient for each gauge coupling is
b1 =
13
2
, b2 = b3 = · · · = bn−1 = 10, bn = 21
2
, (3.14)
which takes into account of the standard model fermions (only for SU(3)1) and link fields
(two for SU(3)i with i = 2, · · · , n − 1 and one for SU(3)1 and SU(3)n). The positive
coefficients imply that all the gauge theories are asymptotically free. Consider that during
inflation, all the Yukawa couplings are of order one and after the inflation, the Yukawa cou-
plings return to the standard model values. We will elaborate the mechanism of dynamical
Yukawa couplings later in this section.
Following Eqs. (3.8) and (3.9), we can write the requirements for the masses of all the
axions as:
m˜UV1 ≈ 3× 10−4
M2
fa
√
D1
√
K˜1
10−7
∼ HI , (3.15)
m˜UVi ≈
M2
fa
√
Di
> HI , i = 2, · · ·n, (3.16)
where we have taken all the standard model Yukawa couplings to be ∼ O(1) during infla-
tion, which gives K˜1 ∼ 1/(4pi)6 ∼ 10−7 due to the loop factors. Since there are no fermions
charged under the other SU(3)’s, their associated Ki’s are all one. Note that we have
demanded m˜UV1 to be around HI and not much bigger. The reason for this will become
clearer in Sec. 3.3. The gist is that for m˜UV1 > HI during inflation the misalignment angle is
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diluted exponentially with the number of e-folds of inflation, which results in an incredibly
tiny value of the relic abundance.
As we discussed at the beginning of this section, the link field energy density has to
be below the inflaton energy density M4 < 3H2IM
2
Pl, which we can rewrite as
M2 <
(
4× 1018 GeV) HI . (3.17)
After inflation, due to the Yukawa suppression, we have for the lightest axion
mUV1 =
√
yuydycysytyb m˜
UV
1 ≈ 5.6× 10−9 m˜UV1 < mIR
⇒ 2× 10−12 M2
√
D1
√
K˜1
10−7
< Λ20 ≈ (75.5 MeV)2, (3.18)
where Λ0 characterize the usual contribution from the IR instantons. Note that the masses
of the heavier axions do not change after inflation. Thus they remain heavy and are
decoupled from the low energy EFT, which only contains the lightest axion, a1.
The inequalities above combined tell us the relevant scales could be
M . 50 TeV D−1/41
(
K˜1
10−7
)−1/4
, (3.19)
fa . 1015 GeV
√
D1
(
K˜1
10−7
)1/2
, (3.20)
eV
(
M
50 TeV
)2
. HI . 2.5× 103eV
(
M
50 TeV
)2(1015 GeV
fa
)
. (3.21)
Note that we can increase the upper bound on fa with either a larger instanton density D1
or a larger K˜1 prefactor. On one hand, α1 ∼ 0.5⇒ D1 ∼ O(1) and larger densities require
couplings in the non-perturbative regime, where our estimates are no longer valid. On the
other hand, larger K˜1 requires the Yukawas during inflation to be larger than ∼ O(1).
Thus we could not raise fa to be much above 10
15 GeV in the perturbative regime of our
scenario. A more precise result for the allowed parameter space can be found in Fig. 2,
where we consider an SU(3)4 model with axion constant fa = 10
15 GeV, inflation scale
HI = 1 eV, and chiral suppression factor K˜1 = 3 × 10−7 with all the Yukawa couplings
taken to be one during inflation.
There is a subtlety regarding the early IR instanton contribution to the axion potential.
Initially, since during inflation the SM fermions have all bigger masses (because yf ∼ O(1)),
the running of αs changes and so does the QCD scale (which we take to be the scale at which
αs(MQCD) = 4pi). Indeed, while after inflation we have the SM value MQCD ∼ 100 MeV,
during inflation we have M˜QCD ∼ 900 MeV. This implies that the IR instanton contribution
during inflation, m˜IR, is enhanced by
(
M˜QCD/MQCD
)2 ∼ 100, which is still subdominant
when compared to the UV contributions given in Eqs. (3.15) and (3.16) with the scales
from Eqs. (3.19)-(3.21).
Having found the allowed parameter space for our model, we now present a mechanism
to vary the Yukawa couplings. A similar mechanism has been used in the literature to
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Figure 2. Results of SU(3)4 model, with PQ scale fa = 10
15 GeV, inflation scale HI = 1 eV, and
chiral suppression K˜1 = 3×10−7 during inflation. We fix α2(M) = α3(M) = α4(M). Top: Allowed
α1(M) −M parameter space, after excluding those areas that do not satisfy the requirements of
the model. The blue and green lines are are the curves of fixed m˜UV1 /HI and m
UV
i /HI respectively.
Bottom: The ratio of different mass/energy scales to the QCD axion mass mIR, with M = 50 TeV,
which corresponds to the black dotted line of the top plot. The red and orange shaded areas are
the same to those in the top plot: regions with mUV1 > m
IR and m˜1 < m˜
IR respectively. The
vertical dotted gray line corresponds to the m˜UV1 /HI = 0.6 benchmark, for which the a1 axion’s
relic abundance is equal to the observed abundance of dark matter today. Note that the UV mass
for axion with i 6= 1 (green line) does not change during and after inflation.
achieve a strong first-order electroweak phase transition [41]. Consider a Froggatt-Nielsen
(FN) model [42] with a flavon S, which is a complex scalar charged under a U(1)FN. The
potential of S is
V(S) = (−µ2s − gφ2)S†S + λs(S†S)2 −A2(SS + S†S†), (3.22)
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where φ is the inflaton. All the parameters are real.6 Note that the last term explicitly
breaks the FN symmetry which the flavon is charged under and forces the VEV of the
scalar to be real. The VEV squared of S is
2〈S〉2 ≡ v2s =
µ2s + gφ
2 + 2A2
λs
. (3.23)
S couples to the standard model quarks as
L = yuij
(
S
Λs
)mij
Q¯iH˜uj + y
d
ij
(
S
Λs
)nij
Q¯iHdj , (3.24)
where y’s are dimensionless order one numbers; i, j indicate the generations and m,n
indicate the power dependence of the flavon VEV, which depends on the FN charges of the
fields involved. For instance, we could have the following charge assignment for S and the
three generations of quarks:
S : −1, Q¯3 : 0, Q¯2 : 2, Q¯1 : 3, u3 : 0, u2 : 1, u1 : 4, d3 : 2, d2 : 2, d1 : 3. (3.25)
Then the up and down Yukawa matrices, in the flavor basis, are given by
yu =

yu11
7 yu12
4 yu13
3
yu21
6 yu22
3 yu23
2
yu31
4 yu32 y
u
33

and
yd =

yd11
6 yd12
5 yd13
5
yd21
5 yd22
4 yd23
4
yd31
3 yd32
2 yd33
2

where
 =
vs√
2Λs
. (3.26)
For  ∼ 0.2, one could get the standard model quark masses and mixing today. For  ∼ 1,
one could get order one Yukawa couplings and mixing. During inflation, gφ2 could be large
and the VEV of S could be increased by one order of magnitude. After inflation, when the
inflaton field value decreases,  reduces to 0.2 and the Yukawa matrices are settled to the
values today.
Analogous to Eq. (3.12), in order for inflation to take place, the flavon potential must
be subdominant:
V(S) ∼ λsv
4
s
4
= λs
4Λ4s < 3M
2
PlH
2
I , (3.27)
which for λs ∼ O(1) and ˜ ∼ 1 immediately translates into the bound:
Λs < 60 TeV
(
HI
eV
)1/4
. (3.28)
6In particular, it is important that A is real. This could be realized if CP is a gauge symmetry broken
spontaneously only in the sector that generates the y’s.
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]
Figure 3. Allowed mρ−Λs parameter space for the FN model. In orange and green are the flavor
bounds from K ↔ K and Bd ↔ Bd mixings [46], taken from Ref. [43]. The black region does
not satisfy the inflation condition Eq. (3.28), and the red, dotted region violates the consistency
condition mσ > mρ.
Furthermore, from Eq. (3.22), the real and imaginary parts of the flavon, which we
respectively denote by σ and ρ, acquire masses
m2σ = 2λsv
2
s = 4
2λsΛ
2
s = 2µ
2
s + 4A
2 + 2gφ2 , (3.29)
m2ρ = 4A
2 < m2σ . (3.30)
These scalars produce flavor-changing neutral currents [41, 43–45], which are tightly bound
by meson anti-meson mixing. In Fig. 3 we summarize these constraints, which we take from
[43], with λs = 2 as a benchmark. We have converted the published bounds on vs into
bounds on Λs by using Eq. (3.26) with  = 0.2. The dominant flavor constraints are
K ↔ K and Bd ↔ Bd [46] oscillations. Also included are the bound from Eq. (3.28) and
the consistency condition mσ > mρ.
It is important that in this setup, the contribution to the strong CP phase from
the quark mass matrix, arg(DetM) with M the quark mass matrix, does not change
when the VEV of the flavon changes. In terms of the Yukawa matrices, arg(DetM) =
arg [(Det yu) (Detyd)]. Given the FN charge assignment in Eq. (3.25), one could find that
(Det yu) (Det yd) ∝ αβ = 22,
α =
3∑
i=1
[q(Qi) + q(ui)] = 10, β =
3∑
i=1
[q(Qi) + q(di)] = 12, (3.31)
where q indicates the FN charge of the quark. Note that the determinant of the Yukawa
matrices is always proportional to a power of , independent of the FN charge assignment,
while the specific power is model dependent. Thus varying the VEV of the flavon doesn’t
change the strong CP phase from the quark mass matrix, provided that  is real, and high
dimensional operators such as (S†S)Smij Q¯iH˜uj are suppressed.
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There still exists a non-negligible radiative correction to the strong CP phase during
inflation, which arises from order one CKM phase. The radiative corrections to θ¯ are
minuscule in the standard model. The largest contribution comes from finite four-loop
Cheburashka diagrams [47, 48],
θ¯finiteSM = −
7
9
αs
4pi
(αW
4pi
)2 m2sm2c
m4W
J ln
m2t
m2b
ln2
m2b
m2c
(
ln
m2c
m2s
+
2
3
ln
m2b
m2c
)
, (3.32)
where αW is the weak coupling strength and J is the Jarlskog invariant, given by:
J ≡ Im (VusVcbV ∗ubV ∗cs) = s12s13s23c12c213c23 sin δ , (3.33)
where V is the CKM matrix, sij = sinφij , cij = cosφij ; and φij and δ are the angles and
phase of V in the PDG parameterization. For the standard model values of quark masses
and mixings, this gives θ¯finiteSM ∼ 10−19. There is also a logarithmic divergent contribution
first arising from seven-loop diagrams, but it is even much smaller [49].
For the assignments in Eq. (3.25), the FN model gives [41]
|Vus| ∼ |Vcd| ∼  , |Vcb| ∼ |Vts| ∼ 2 , |Vub| ∼ |Vtd| ∼ 3 , (3.34)
which means that for our model J ∼ O(1) during inflation, when ˜ ∼ 1. Furthermore, the
masses of the standard model quarks, which are only charged under SU(3)1, are about the
weak scale. Therefore the radiative correction to θ¯1 is enhanced significantly, compared
to that in the standard model. This leads to a mismatch between the minima of the
QCD axion potentials during and after the inflation. Barring accidental mass degeneracies
between the quarks, we estimate the mismatching angle to be
θmis ∼
(αW
4pi
)2 ∼ 10−5, (3.35)
where in Eq. (3.32) we take αs/(4pi) ∼ 1 around the GeV scale, ignore all order one
numbers, and set all the mass ratios, their logarithms, and J , to order one.
3.3 Axion spectrum and relic abundance
In our model, we have multiple axions. Taking the SU(3)4 model as an example, we
have four: the lightest axion, a1, is the QCD axion, receiving most of its mass from
the infrared instantons after inflation; while a2, a3, a4 are significantly heavier, with their
masses unchanged and dominated by the contributions from the UV instantons. In this
section, we compute their relic abundances today.
First we estimate the diluted misalignment angle for each axion at the end of the in-
flation, measured from the minimum of the axion potential during inflation. The evolution
of each axion during inflation is dictated by the equation of motion
a¨i + 3HI a˙i + V
′(ai) = 0, i = 1, 2, 3, 4. (3.36)
During inflation, the Hubble scale is approximately a constant, and we will approximate
V (ai) ≈ m˜2i a2i /2 so that V ′(ai) = m˜2i ai. Here the axion mass is from the UV instantons,
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m˜i = m˜
UV
i . Changing variable from time to the number of e-folds by using dN = HIdt,
we have
d2ai
dN2
+ 3
dai
dN
+
m˜2i
H2I
ai = 0. (3.37)
There are two interesting limits where we could obtain analytical solutions:
• m˜i  HI : the i-th axion oscillates during inflation and the energy density redshifts
as matter: ρi = m˜
2
i a
2
i ∝ R−3, with R the scale factor. Thus 〈ai〉 = a0;i e−3N/2, where
〈ai〉 is the cycle average of the axion field value (or in other words, the oscillation
amplitude) and a0;i ∼ fa is the initial amplitude without tuning. So at the end of
inflation, θdil;i = θ0;i e
−3N/2, and the initial angle θ0;i is generically of order one.
• m˜i < HI : the axion rolls down its potential without oscillation. Solving the classi-
cal equation of motion gives its displacement at the end of the inflation as θdil;i =
θ0;i e
−Nm2i /(3H2I ). The axion amplitude redshifts away more slowly, compared to the
first case.
From Fig. 2 we can see that in the allowed region of parameter space, a2,3,4 could be
much heavier than a1 (green contours), while the mass of a1 can be close to the inflationary
Hubble scale (blue contours). Thus a2,3,4 belong to the first limit with a significantly
exponentially suppressed misalignment angle θdil;i; while a1 is in the second limit with a
small but non-negligible θdil;1.
Assuming a standard post-inflationary history (inflation→reheating (rh)→radiation
domination), the number of e-folds of inflation, N must satisfy the condition:
1
HI
eN
Rrh
Rend
Trh
T0
(
g∗(Trh)
g∗(T0)
) 1
3
≥ 1
H0
,
⇒ N ≥ 35 + log
[(
HI
eV
)(
50 TeV
Trh
)(
Rend
Rrh
)(
g∗(Trh)
g∗(T0)
) 1
3
]
, (3.38)
where H0 is the Hubble expansion rate today, and g∗(Trh) and g∗(T0) are the effective
degrees of freedom for entropy at reheating and today. Note that if reheating happens
shortly after the end of inflation, Rrh ≈ Rend and Trh ≈
√
HIMPl ≈ 50 TeV
(
HI
eV
)1/2
.
Given this high reheating temperature, the heavy gauge bosons could be produced, which
are unstable and decay to the standard model quarks.
Taking the benchmark scales from Eqs. (3.19)-(3.21), for the SU(3)4 model with α2 =
α3 = α4, K˜1 = 3× 10−7, and N = 35 e-folds; we find
m˜UV1 /HI = 0.59 , m˜
UV
i /HI = 11
⇒ θdil;1 = 0.017 θ0;1 , θdil;i = 10−17θ0;i , i = 2, 3, 4. (3.39)
After inflation, a1 becomes much lighter and behaves as the ordinary QCD axion.
The initial misalignment angle of its oscillation when the Hubble scale drops around its
mass is θ1 = max[θdil;1, θmis] as discussed in Sec. 2. The potentials of the other heavy
axions, a2,3,4 do not change. They continue oscillating after the end of inflation, with the
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amplitude reducing as R−3/2. The initial diluted misalignment angles for their oscillations
after inflation (measured from the minima of the potentials during inflation) are tiny, as
shown in Eq. (3.39). Note that, since the standard model quarks are only charged under
SU(3)1, then the radiative correction from the CKM phase only contributes to the strong
phase of SU(3)1. The displacement between the minima of the heavy axion’s potentials
during and after inflation is only generated through the small mass mixing induced by
QCD confinement between the heavy axion and the lightest axion a1, which is also highly
suppressed by the square of the mass ratios.7 Therefore we could safely ignore their relic
abundances today. The relic abundance of the QCD axion is found to be
Ω1h
2 ≈ 0.12
(
θ1
0.017
)2( fa
1015 GeV
)n+6
n+4
(3.8)
2
4+n (10)
4−n
4+n
(
χ0(1.5)
3.7× 10−14 GeV4
)− 1
4+n
.
(3.40)
We adopt the equation from Ref. [50]. n is in the range of 7−20, which is the power depen-
dence of the vacuum energy on temperature; while χ0(1.5) is the topological susceptibility
at T = 1.5 GeV. The benchmark from Eq. (3.39) makes the relic abundance of the QCD
axion equal to that of the DM by taking n = 8 in Eq. (3.40); it is shown as the vertical
dotted gray line in the bottom plot of Fig. 2.
4 Other possibility and challenges
The ability of our model to increase the UV instanton contribution to the axion mass
during inflation for fa > 10
12 GeV hinges on the dynamical Yukawa mechanism. Indeed,
it is only by having the Yukawas be ∼ O(1) during inflation that the chiral suppression to
the instanton, K˜1, becomes large enough to accommodate the necessary masses.
A different way to vary the axion mass during and after inflation is to dynamically
change the symmetry breaking scale. The idea is to take advantage of the fact that the
instanton density, D1[α1(M)], is exponentially sensitive to the gauge coupling. If the gauge
symmetry breaking scale M is higher after inflation than during inflation, α1(M) decreases
because of its RG running, and therefore so does D1[α1(M)]. Then the axion mass is
suppressed after inflation. This change in the symmetry breaking scale can be achieved
by coupling the link fields Σ’s that break the gauge symmetries to the inflaton dynamics,
analogous to how we change the VEV of the flavon S after inflation.
However, this alternative setting is plagued with several problems. The most important
one is that, if there is no dynamical Yukawa mechanism, the chiral suppression remains
constant and there is always at least one small K factor no matter how different generations
of standard model quarks are coupled to different gauge groups. In addition, the energy
density in the link fields must be subdominant during inflation and at most of order H2IM
2
Pl
after inflation. These requirements, which are encoded in Eq. (3.11) and (3.12) plus an
additional equation V(Σ)after . H2IM2Pl with V(Σ)after the link field potential after inflation,
restricts the separation of the symmetry-breaking scales M during and after inflation (more
concretely, the separation could be only a factor of ∼ 100). As a result, there is simply
7We assume that there is no mixing between different axions due to cross couplings such as a1G2G˜2.
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not enough RG “running distance” for D1[α1(M)] to make m
UV
1 large during inflation and
small after it. Of course, this setting can be used in conjunction with the FN dynamical
Yukawas, but as we have shown in this paper the latter is sufficient to satisfy all the
requirements by itself.
Lastly we comment on several challenges in our scenario. From Eq. (3.21) one could
see that our scenario works with very low-scale inflation, which is not easy to achieve in
general. There is no no-go theorem though. We will not attempt it in this article and
just want to point out that there exist constructions based on the inflaton as an axion-like
particle in Refs. [51, 52] with Hubble scale around or below eV. In addition, there are two
coincidences in energy scales. Unlike previous models that relax the misalignment angle
dynamically, we do not assume the angle to be of order 10−2−10−3 due to new CP violating
phases. We compute and demonstrate that the mismatching between the minima of the
axion potentials during and after inflation is tiny. Then to have the misalignment angle
to be about 10−2, we cannot have too much dilution of the axion oscillation amplitude
during inflation. This leads to the requirement that the mass of the lightest axion is close
to the Hubble scale during inflation. Another coincidence resides in the dynamical Yukawa
coupling mechanism. Since the FN symmetry breaking spurion  only varies by a factor of a
few during and after inflation, we need the contribution to the flavon mass squared from its
coupling to the inflaton during inflation to be within one order of magnitude above its mass
squared parameter. In addition, we have not tried to construct a full UV completed flavor
model to generate the O(1) CKM phase through phases in the dimensionless coefficients
y’s in the FN model and explain the realness of the A parameter in the flavon potential.
We leave it for future work to realize these two coincidences and construct a full-fledged
flavor model in a fully dynamical way.
5 Conclusions and outlook
Many current-generation and proposed next-generation experiments are searching for the
low-mass QCD axion and/or axion-like particles. In particular, CASPEr [53, 54] and
ABRACADABRA [55] might be able to reach the QCD axion line for values of the decay
constant fa corresponding to the GUT scale and beyond. In order for these experiments to
detect a positive signal, the axion needs to be a significant fraction of the dark matter in
the Universe. It is not easy to have a consistent cosmological history with such large values
of fa. Indeed, to avoid overclosing the Universe, the cosmological bound is fa . 1012 GeV
for models with an initial axion misalignment angle θ0 of O(1).
In this paper we have constructed a model to dynamically suppress the QCD axion
misalignment angle and thereby relax the cosmological bound on fa. We achieve this by
raising the contributions to the QCD axion’s mass coming from small UV instantons during
inflation, and subsequently lowering them once the inflationary era ends. To make the UV
instanton change in this way we require two main ingredients: (i) making the color group
SU(3)c the result of higgsing a product gauge group SU(3)
n at a high energy scale, and (ii)
allowing dynamical Yukawas for the standard model quarks with a FN mechanism, whose
flavon has a VEV that changes dynamically via its coupling to the inflaton. Compared
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to early work on dynamical misalignment, we study in more details the CP violation in
the model and address the key question whether the minimum of the QCD axion potential
shifts at early and late times.
Different consistency and experimental bounds restrict the parameters in both the
symmetry breaking and the flavor structure ingredients, resulting in a scenario with spe-
cific values for the different scales involved. In particular, we require an inflationary scale
around 1 eV, both the symmetry breaking and FN scales to be of order ∼ few × 10 TeV,
and a maximum value of fa ∼ 1015 GeV. The new particles associated with the gauge
symmetry breaking and FN scales could be within reach of the future generation exper-
iments, either from direct production at a future hadron collider or from indirect flavor
measurements. This suggests an interesting and exciting possibility to have simultaneous
discoveries at different experimental frontiers: low-energy axion detection and high-energy
collider experiments!
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A Estimating contribution of UV instantons to the axion potential
In this appendix, we provide more details of the estimates of UV instantons that lead to
Eqs. (3.8). The scale of the axion potential from the UV instanton is given by
Λ4i =
∫ ρ=1/M
ρ=0
2
dρ
ρ5
D[αi(1/ρ)], (A.1)
where the instanton density D is given by the second line in Eqs. (3.8). The one-loop
running gauge coupling is governed by
dα−1i
d lnµ
=
bi
2pi
, ⇒ e− 2piαi(1/ρ) = e− 2piαi(1/M) (ρM)bi . (A.2)
The instanton density could be approximated as
D[αi(1/ρ)] ≈ D[αi(M)](ρM)bi . (A.3)
Plugging the approximation above to the integration, we find that the contribution is
dominated by instantons with size ρ ∼ 1/M and obtain Eqs. (3.8).
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